The motion of a disk that is spun on a smooth flat surface slowly damps out due to friction. To help identify the nature of the friction, we test experimentally whether the disk slips during its motion. We find that, at least during the early stages, the disk rolls without slipping, thus ruling out sliding friction as the cause of the damping. Together with the results of the experiments of van der Engh et al. that rule out air friction, our results establish that rolling friction is mainly responsible for the damping in the early stages of the motion. Student projects are suggested that could establish whether our conclusion of rolling without slipping holds for the later stages of the motion. @ 2002
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[ DOI: 10.1119tll.ls}lLl7l II. THEORY Consider a uniform solid disk of mass M, radius a, and half-thickness b. which rolls on a flat horizontal surface. As is standard for describing rigid body motions, we employ space-fixed axes XYZ, with Z vertical, and body-fixed axes 123, wirh 3 along the symmetry axis ( Fig. 1) . We also employ the standard Euler angles3 O, 0, ,/t specifying the orientation of 123 with. respect to XYZ, and corresponding angular velocities d, 0, ,lt, where the dot represents dldt with t the time. We see from is the precession rate about Z, ry' is the spin rate about,the 3 axis, and 0 is the nutation rate.
We consider first the case of pure rolling (no slip) with steady precession at constant tilt angle 4 that is, 0 : constant, ry': constant, and 0:0. If the disk is rolling into the paper in Fig. 1 , then ,i>O *O d<0. (It is useful to remember that ry' and $ have opposite signs.) For the experiments we consider, the center of mass G is at rest, and the contact point C rolls around a circle of radius p with its center at the intersection of the Z axis and the horizontal plane, where (see 
For the case of no slipping, the velocity of the contact point C (into the paper) is u:atlt. Because we also have u : -pQ, as seen by looking down from above, we have a{: -pQ.
If we combine Eqs. (1) and (2) 
III. EXPERIMENT
The disk supplied by the manufacturer6 was used. It has a diameter of 7.5 cm and a thickness of 1.3 cm (a:3.75 cm and b:0.65 cm); the mass is 0.44 kg. The original base made of hard plastic was not used, as the rolling motion of the disk induced considerable distortion in the surface, and there was clggly an energy interchange between the base and the disk.'' A Pyrex telescope mirror 25 cm in diameter and 4 cm thick with a radius of curvature of 150 cm was used instead. The rolling took place on the over-coated aluminum layer of the mirror and no distortions were observed'
The motion of the disk was recorded with a video camera operating at a rate of 30 frames/s with an exposure time of l/3500 s. The horizontally mounted camera observed the motion from directly above using a high-quality fronr surface mirror. To achieve uniform illumination for all orientations of the disk, the apparatus was surrounded with white paper curtains to form a "light furnace" which was illuminated with two 750 watt floodlights. The top surface of the disk was painted flat black to eliminate glare and a white paper bar 6.5X0.5 cm was pasted along a diameter. Crosshairs were drawn on the bar in the center (point O in Fig. l) and near the ends separated by 6.0 cm. The arrangement is shown in Fig. 2 , which is one of the frames from the final video chosen for analysis. This sequence has 4190 frames for a total time of about 140 s. For each of the frames the horizontal X,Y coordinates of the three points on the bar were recorded in pixels, which were converted into centimeters (130pixels:6cm). These measurements permit the determination of the various angular frequencies as follows. The relation between these quantities is t1: O+ t.
6 *td { are always of opposite sign and their magnitudes increase with time; l0l decreases with time and comes to zero when the disk stops. Because of the relation (5), only two of A, $, and tlt need be measured; we measure all three as a check. The measurement of these three frequencies was made by performing a Fourier analysis on each I s interval of data over which the angular velocities can be considered constant; the relation between them is shown in Fig. 3(a) . The data set for $ and ,/t for the particular run we analyzed can only be carried to 90 s of the 140 s of the motion as the frame rate of 30 Hz has a Nyquist limit at 15 Hz; that is, after 90 s the disk was spinning so rapidly that it made half a revolution between frames, so that the true rotational rates cannot be measured. The O data can be carried out to the end, but is not shown beyond 90 s.la
The final experimental variable is the angle of inclination d. This quantity was determined from the variation of the apparent length of the bar as seen from above. The angle is determined from cos O:Lo;nlL^*, where l.1n and Z.* (:l3Opixels) are the apparent minimum and maximum lengths of the bar measured between the two outer crosses (see Fig. 2 ). This is the noisiest data in the experiment and the experimental error in the analysis that follows predominantly originates in the determination of the angle. The value of cos I was again determined by averaging the data over 1 s intervals. The resulting values of cos 0 versus t were fitted with a smooth curve (a sixth order polynomial), and the angle and its functions were determined as needed from this fit. All the data were taken from one run. The angle d could also be determined from measurement of the radius r of the circle traced out by the center point O using the relation sin?:rlb (see Fig. 1 ), but because r is always small, this determination would be less accurate than the method used here. Different runs would give essentially the same results after the initial transient (which lasts about 60 s in our launch) is gone. The transient is due to an imperfect launch; that is, initially there is some nutation and G is initially not exactly above the lowest point of the concave surface.
IV. ANALYSIS
The no-slip condition given by Eq. (3) is now tested; the experimental and calculated values of $ ate shown in Fig.  3(b) . These two curves are essentially coincident and well within the uncertainty introduced by the measurement of cos d. This error is shown in Fig. 3(b) by the (unsymmetrical) error bars at calculated points near 10, 50, and 90 s. Figure  3 (b) appears to give strong evidence that the disk rolls without slipping.
Finally the precession is shown in Fig. 3(c) where the calculated and measured values of / are plotted. The calculated value is obtained using the no-slip value in Eq. (4) giving / in terms of 4 and using d as a function of time from the smooth curve of cos d versus / found earlier. This calculated curve is more sensitive to the uncertainty in 0 than the corresponding curve in Fig. 3(b) , and error bars are shown in Fig. 3(c) at calculated points near 50 and 90 s. The error near 10 s is of the order of the size of the plot symbol. These results again confirm the no-slipping condition.
V. STUDENT PROJECTS
All of the analysis in the experiment was carried out using a spreadsheet program and its graphing facilities. The analysis is an excellent vehicle for instruction in these techniques. There are opportunities for further investigation.
(1) Is it possible to alter the nature of the rolling surface (for example, with lubricants or disk size or shape) to change the general conclusion of rolling without slipping?
(2) The recording of X, Y coordinates on 4000 frames is rather onerous. Can this process be further automated?
(3) The availability of cameras with a higher frame rate than 30 per second would permit investigation of the motion nearer to the end. Are there departures from the results obtained here? Better quality motion-picture cameras have this 'oslow motion" facility. 
VI. CONCLUSION
By measuring the angular velocities of the Euler Disk, we found that the no-slip condition is satisfied for the early part of the motion, that is, for 0> 10'. This result appears to rule out sliding friction as the cause of the damping, at least in the early stages of the motion. Because air friction has been ruled out by the work of Ref. 10, our results show that rolling friction is mainly responsible for the damping in the early stages of the motion. Three methods were suggested that could establish whether our conclusion of rolling without slipping continues to hold for the later stages of the motion. Petrie, Hunt, and Gray
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